
SingularvalueDecomposition

o r ,
" w h a t c a n y o u

d o i f yo u

can't diagonalize?
"

L e t A b e a n m i n
m a t r i x .

T h e n At i s a n a x o n m a t r i x .

S o ATA i s a n n o n
m a t r i x ,

and fata)t= At (At)'IATA.

N o m a t t e r w h a t A i s , ATA

i s symmetric, a n d
s o i s orthogonally

diagonalizable!



But ATA i s n o t j u s t symmetric!

Suppose 7 i s a n eigenvalue f o r

ATA a n d I i s a n associated

eigenvector.

I t (Attic) = (Hat)-(Ali)

= (Ai)t(AE)

= 11 A Ell i 2 0 .

But a l s o ,

i t (Atari) = I t a x )

= X s i tx

= X H I 422 .



So

X
1151122 = I t(Atari)
211×7122

= H A E HI

211511,2 I 0
.

S ince
1141122> 0 , w e c a n

d iv ide by
1171122

o n b o t h

s i de s o f t h e inequal i ty

X 11711120 t o g e t

m e
s o a l l eigenvalues o f ATA a r e

n o n - negative
r e a l numbers!



k ¥ 1 : L e t A = [ ! I 46].

At = [-3 5i. is
° 5
U]

ATA = ({Is] [
' - 3 6

= [-3 3 4 2: : : 3
Using Wolfram Alpha, t h e

eigenvalues a r e

X . 0 , I 187 trna)



O ? O

{(871-5345)? 0

b i g L Too = 2 0 , s o

£ (87-Rua)

s 12 (87-201> 0

So a l l eigenvalues o f ATA a r e

n o n -
negative!



M a t r i x Squa re Roots

Suppose D i s a diagonal matr ix ,

n

D = (Di,m)i,m=, .

I f

D i , i ? O , t h e n w e c a n de f i n e

T D t o be the diagonal

ma t r i x

5 % , i ' m

( E ) i i i . { 0 , otherwise.



I f A i s diagonalizable,

A- = SDS", and D i i 2 0

fo r a l l K i e n , t h e n w e

c a n define

fA=sv5sµ

Observe t h a t

of.Ja=(sass") (STDs)
=srDc5¥> r iss"

= sis-r iss"



=
SDS"

= A



Back t o Example 1 :

6

- 3 3 4ATA.- [6%522]

i s symmetric, and s o orthogonally

diagonalizable,

ATA- O Dot

where O i s orthogonal and

D= 12 [87+
5349

O O

O
87-5349

O
)

O O O



T h e n

TATA = Off,
[87¥
49

o o

0
Erno]) Ot

O O 0

I f A i s m a n , w e d e f i n e

| A ) ("absolute v a l u e o f A") to

b e

1A#TaU



"The" S V D : special c a s e

suppose I A ) i s invert ible a nd

s e t w = A 1 A #

Th e n

w - l A l = A LAWAI
I n

w - l a t = A .

Moreover,

Wtw = (A I A t ' )
t

( A IA t')

w t w flat-'It At#I Al-')



w t w =
(IAF)-'Cat A) 1AM

f s ince ATA i s cymnetric, so i s LAI

w h o = ( I A F ) (Atallatt

b t w = l a t ' (Tata Fata) 1AM

w t w = lat' (HA - LAT)#

wtw= I n .

S o W i s a n orthogonal matrix!

( n o t quite
- w i s n o t necessarily square)

T h e n since ATA i s symmetric,

ATA i s orthogonally
diagonalizable

a s ATA = O Dot .



T h e n

I A l = AFA = 0 0 5 Ot, s o

A- = w l A l = w o r d Ot.

N o w

(wo)two
= Ot w t w o

= Oto

= I n

Rename u = W O

[ = TD

v = O t .



T h e n

A- = W I A L

A = w o r d Ot

A =U#
singu l a r v a l u e

decomposition o f A

Here, { i s diagonal,

V i s orthogonal, a n d

u t u . I N .

N o t e 0 i s m i n ,
s o

can't

b e orthogonal i f A i s n o t square.



I n Genera l

I f l A l i s n o t invertible,

t h e n play t h e s ame game a s

i f i t w e r e for t h e k i k

m a t r i x ( K e n ) consisting o f

t h e n o n z e r o eigenvalues o f ATA .

T h e n "pad" TD w i t h ze ros ,

a n d orthonormal co lumns
o r rows t o

V a n d V , i f n e c e s s a r y.

W e a g a i n get

A=UE#



T r y W o l f r a m Alpha!

I - 3 6

A ' - [o 54]
T h e S U D o f A i s

horribly m e s s y , bu t f o r

Wo l f ram A l pha , O and V

a r e orthogonal ,
b u t {

i s n o t a square matrix!

Wh a t w e
computed i s t h e

reduced S V D .

Wol f r am

A lpha i s computing t h e

f u l l S V D -



Full S V D

A i s m e n ,

A=0{^¢
where ✓ i s a n m x m orthogonal

m a t r i x , Vt i s a n n x n orthogonal

m a t r i x ,
and £ i s a n m i n

m a t r i x w i t h (E) i , u:O i f i f k

fo r a l l I E i s m , I E K E n .



T h e " s i n g u l a r values" o f A
-

a r e t h e diagonal e n t r i e s

^

o f [ ( o r { i f y o u

o n l y w a n t n o n z e r o entries).


